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Abstract
In 1975 Hagopian proved that continua X and Y are atriodic and hereditarily unicoherent when the product X×Y is disk-like. In
this paper, under the same condition, we prove that X and Y are contractible with respect to every ANR and X and Y are tree-like
continua in Class HW.
© 2006 Elsevier B.V. All rights reserved.
MSC: 54F15; 54B10
Keywords: Class HW; Continuum; Contractible with respect to; Disk-like continuum; Hereditarily unicoherent continuum; Tree-like continuum
1. Introduction
In 1975 C.L. Hagopian proved that if X and Y are continua such that X × Y is disk-like, then X and Y are
atriodic and hereditarily unicoherent [4, Theorem 1]. The purpose of this note is to present some other properties
about continua X and Y under the same hypothesis. The paper is divided into four sections. In Section 2, we give
the basic definitions necessary for understanding the paper. In Section 3, we state some results concerning products
which are inverse limits of contractible continua having dimension at most 2. In Section 4, we present the main results,
namely, we prove that the factors of a disk-like product of two continua are contractible with respect to every ANR
(Theorem 7) and this factors are tree-like continua in Class HW (Theorem 9). We note that from Theorem 7 we obtain
one of Hagopian’s results, we mean, the factors of a disk-like product are hereditarily unicoherent (Corollary 8). We
also note that Theorem 9 generalizes this result.
2. Definitions
A continuum is a nondegenerate compact connected metric space. The term nondegenerate means the space
consists of more than one point. A subcontinuum is a continuum contained in a space. Given ε > 0, a func-
tion between continua, f :X → Y , is said to be an ε-map provided that f is continuous and for each y ∈ f (X),
diameter[f −1(y)]< ε. A continuum X is said to be disk-like (tree-like) provided that for each ε > 0, there is an ε-map
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tinuum is said to be unicoherent provided that if X = A ∪ B , where A and B are subcontinua of X, then A ∩ B is
connected. A continuum is said to be hereditarily unicoherent provided that each of its subcontinuum is unicoherent.
A continuum X is called a triod provided that there is a subcontinuum Z of X such that X − Z is the union of three
nonempty sets each two of which are mutually separated in X. A continuum X is said to be atriodic provided that X
does not contain a triod.
We recall that a space X is said to be contractible provided that the identity function of X is inessential (i.e.,
homotopic to a constant function). A space X is contractible with respect to a space Z (written X is crZ) provided
that every continuous function from X into Z is inessential. It is know that a space X is contractible if and only if X
is crZ for every space Z (see e.g. [7, Lemma 19.4]). We write X is crANR to mean that the space X is contractible
with respect to every ANR.
An inverse sequence is a sequence {Xi,fi}∞i=1 of spaces Xi and continuous functions fi :Xi+1 → Xi , called
bonding maps. The inverse limit of an inverse sequence {Xi,fi}∞i=1, denoted by lim←−{Xi,fi}∞i=1, is defined as
lim←−{Xi,fi}∞i=1 = {{xi} ∈
∏∞
i=1 Xi : fi(xi+1) = xi for all i}.
The topological dimension of a space Z is denoted by dim(Z). If A ⊂ X, then the symbol f |A denotes the restric-
tion of a function f :X → Y to A. We denote by S1 the unit circle.
Other definitions are given as required.
3. Inverse limits which are products
We begin with three lemmas which are not difficult to prove. However, we include their proofs for completeness.
Lemma 1. Let X and Y be continua. If X × Y is the inverse limit of an inverse sequence of compact metric spaces
having dimension at most 2, then dim(X × Y) = 2 and dim(X) = 1.
Proof. Since inverse limits of compact spaces do not raise dimension (see e.g. [11, 15.6]), we have that
dim(X × Y) 2. Now, since dim(X) < ∞, dim(X) < dim(X × Y) [5]. Thus, since X is nondegenerate, we obtain
that 1 dim(X) < dim(X × Y) 2. Therefore, dim(X × Y) = 2 and dim(X) = 1. 
Lemma 2. Let {Xi}∞i=1 be a sequence of continua where each Xi is crANR and Xi ⊃ Xi+1. If Z =
⋂∞
i=1 Xi , then Z
is crANR. Furthermore, if Z = X × Y , then X is crANR.
Proof. Let K be an ANR, and let f :Z → K be a continuous function. Since Z ⊂ X1 and K is an ANR, there is
a neighborhood, U , of Z in X1 such that f can be extended to a continuous function F :U → K . Since Z is the
nested intersection of the compact spaces Xi and since Z ⊂ U , there exists N such that XN ⊂ U . So, since XN is
crANR, and F |XN :XN → K is a continuous function, we obtain that F |XN is inessential. Hence, F |XN |Z :Z → K
is inessential, i.e., f is inessential. Therefore, we have proved that Z is crK . For the last part, notice that X can be
considered as a retract of Z, so X is crANR. 
Lemma 3. If X is crS1 and dim(X) = 1, then each subcontinuum A of X is crS1.
Proof. Let A be a subcontinuum of X and let f :A → S1 be a continuous function. Since dim(X) = 1, f can be
extended to a continuous function F :X → S1 [6, Theorem VI 4, p. 83]. Thus, since X is crS1, F :X → S1 is
inessential. Hence, f is inessential. Therefore, we have proved that A is crS1. 
Theorem 4. Let X and Y be continua. If X × Y is the inverse limit of an inverse sequence of contractible continua
having dimension at most 2, then X is crANR. Furthermore, each subcontinuum of X is crS1.
Proof. Let X × Y = lim←−{Zi,fi}∞i=1, where each Zi is a contractible continuum such that dim(Zi) 2. By Lemma 1,
we have that dim(X) = 1. On the other hand, we know that X × Y =⋂∞n=1 Xn, where Xn ⊃ Xn+1 and each Xn is
homeomorphic to
∏∞
Zi (see e.g. [10, Proposition 2.3]). Since Zi is contractible, each Xn is contractible, andi=n+1
R. Escobedo et al. / Topology and its Applications 154 (2007) 1359–1362 1361so, crANR. Thus, by the second part of Lemma 2, we have that X is crANR. In particular, X is crS1. Therefore, by
Lemma 3, each subcontinuum of X is crS1. 
The one-point union of two circles is denote by O. It is well known that a continuum X is tree-like if and only
if dim(X) = 1 and X is crO. This is a version of the Case and Chamberlin’s theorem [1, Theorem 1] given by
Krasinkiewicz in [8, Corollary, p. 91]. We use this result in our next theorem.
Theorem 5. Let X and Y be continua. If X × Y is the inverse limit of an inverse sequence of contractible continua
having dimension at most 2, then X is tree-like.
Proof. By Lemma 1, dim(X) = 1. On the other hand, by Theorem 4, we have that X is crANR. In particular, X is
crO. Therefore, by the Case and Chamberlin’s theorem quoted above, we conclude that X is tree-like. 
We recall that a continuous function between continua, f :X → Y , is said to be weakly confluent provided that
for every subcontinuum K of X, there exists a component C of f −1(K) such that f (C) = K ; moreover, f is said
to be hereditarily weakly confluent provided that for every subcontinuum A of X, f |A :A → Y is weakly confluent.
A continuum X is said to be in ClassW (Class HW) provided that any continuous function from any continuum onto
X is weakly confluent (hereditarily weakly confluent). It is easy to show that a continuum X is in Class HW if and
only if each subcontinuum of X is in ClassW . Grispolakis and Tymchatyn proved that atriodic tree-like continua are
in Class HW [3, Corollary 5.6] (compare [2, Corollary 1]). Therefore, if in Theorem 5 we add that X is atriodic, we
obtain that X is in Class HW . Next, we present another proof of this fact.
Theorem 6. Let X and Y be continua. If X is atriodic and X × Y is the inverse limit of an inverse sequence of
contractible continua having dimension at most 2, then X is in Class HW.
Proof. Let A be a subcontinuum of X. We have that A is crS1 (by Theorem 4). Hence, since A is atriodic, we have
by [2, Theorem p. 479] that A is in ClassW . Therefore, X is in Class HW . 
4. Applications to disk-like products of continua
In this section, we apply the theorems of the previous section to disk-like products of continua. We know, by a
result due to Mardesˇic´ and Segal [9, Theorem 1], that for each disk-like continuum, Z, there is a inverse sequence
{Zi,fi}∞i=1 with onto bonding maps fi such that Zi is homeomorphic to [0,1]× [0,1]. Thus, we can apply Theorem 4
in a straightforward way to obtain the following fact.
Theorem 7. If X and Y are continua such that X ×Y is disk-like, then X is crANR. Furthermore, each subcontinuum
of X is crS1.
We know that if a continuum X is crS1, then X is unicoherent [12, Theorem 7.3, p. 227]. Hence, the following
result is actually a consequence of Theorem 7.
Corollary 8. (Hagopian [4, Theorem 1]) If X and Y are continua such that X × Y is disk-like, then X is hereditarily
unicoherent.
One more time, by taking account the Mardesˇic´ and Segal’s result (quoted before Theorem 7), we apply theorems
in Section 3 to obtain next result.
Theorem 9. If X and Y are continua such that X × Y is disk-like, then X is a tree-like continuum in Class HW.
Proof. By Theorem 5, we have that X is tree-like. On the other hand, by [4, Theorem 1], X is atriodic. Therefore, we
conclude, by Theorem 6, that X is in Class HW . 
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